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Abstract
We calculate the renormalized vacuum energy density for a massless scalar field confined between
two nearby parallel plates formed by ideal uncharged conductors, placed very close to the surface
of a rotating spherical gravitational source with mass M , radius R and momentum angular J , at
the equatorial region. We consider that the source rotates slowly and that the gravitational field
is weak. Corrections to the Casimir energy density induced by the gravitational field generated
by this source are calculated up to M/R2 order. The obtained results show us that there is an
important modification in the Casimir energy only in this order of approximation, which depends
on the surface gravity as well as on the rotation of the source. Thermal corrections to the Casimir
energy found also are calculated in all these orders.
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I. INTRODUCTION
The Casimir effect is a phenomenon which appears in different areas of physics and
has numerous applications in condensed matter, atomic physics, elementary particles and
gravitation and cosmology, among others. It was predicted by H. B. G. Casimir in the later
1940s as an attractive force between two parallel and uncharged metallic plates placed in
vacuum [1]. At the classical level, there is no force between two uncharged conductor plates,
thus, the Casimir effect is of quantum origin and results from the modifications of the zero-
point(vacuum) oscillations of the electromagnetic field induced by the material boundaries
compared to the free Minkowski spacetime.
The first experimental attempt to confirm the Casimir force was made by Sparnaay [2].
Since then, a lot of experiments were performed on measuring the Casimir force between
conductor, semiconductor and dieletric bodies (see the reviews [3]-[4]). More recently, im-
portant experiments were performed [5]-[9]. On the other hand, from the theoretical point
of view, a considerable number of theoretical works presents generalizations of the pioneer-
ing formulation by Casimir, and these includes various geometrical configurations of the
plates made of different materials at any non-zero temperature, quantum fields of different
spins, space-times with different geometries and topologies [10], and, finally, different gravity
theories [11]-[12].
The Casimir effect in gravitational fields with non-trivial topology was studied since the
middle 1970s in the framework of quantum field theory in curved space-times [13], and in
particular in an Einstein universe with a topology R1×S3, for a massless scalar field [14]. In
such context, there are no material boundaries, but there are some identification conditions
imposed by topology to the quantum fields which play the same role as the boundary condi-
tions associated with material boundaries. Along this line, a considerable number of works
was devoted to the Casimir effect in space-times with non-Euclidean topology [15]-[37].
Recently, the vacuum quantum effect on a massless scalar field confined between two
material boundaries, in a static spacetime, in the weak-field approximation, was considered
by Sorge [24]. In that work, nearly parallel plates formed by ideal conductors were placed
at surface of a sphere of mass M and radius R, and corrections to the Casimir energy as
compared with the one in Minkowski spacetime, induced by gravity, up to second order in
(M/R), were found. The same Casimir apparatus, but now taking into account the effects
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of rotation due to a Kerr black hole, in the weak field approximation, was analysed by
Zonoz and Nazari [38]. In this last paper, a different approach was used on the basis of an
effective refraction index associated to the spacetime, and it was shown that the correction
to Minkowski Casimir energy of the electromagnetic field, induced by gravity, depends on
the spacetime rotation.
Following the approach developed by Sorge [24], we calculate the corrections to the flat
Casimir energy of a massless scalar field confined in a cavity formed by two parallel con-
ducting and uncharged plates. The distance between them, L, is such that L ≪ R, where
R is the radius of the source. The plates are placed tangentially to the equator line of the
rotating sphere with angular momentum J and mass M . The source rotates slowly and the
weak field regime is taken into account. We also will calculate the thermal corrections to the
Casimir energy from the renormalized Helmholtz free energy, as well as the internal energy
in both low and high temperature limits. It is worth calling attention to the fact that the
Casimir apparatus considered as well as the source of the gravitational field show us what
is the role played by the rotation and temperature if we compare the obtained results with
the ones found by Sorge [24].
The paper is organized as follows. In section 2, we calculate the corrections to the
Casimir energy up to M/R2 order of approximation, in spacetime generated by a slowly
rotating source, at T = 0. In section 3, we find the thermal corrections. In section 4, we
present the final remarks.
II. GRAVITATIONAL CORRECTIONS TO THE CASIMIR ENERGY AT ZERO
TEMPERATURE
Firstly, let us consider the spacetime metric corresponding to a slowly rotating source in
the weak field approximation. It is given, in isotropic coordinates, by the following expression
ds2 = [1 + 2φ(r)]dt2 − [1− 2φ(r)](dr2 + r2dθ2 + r2 sin2 θdϕ2) + 4a sin2 θφ(r)dtdϕ, (1)
In fact, this metric corresponds to the Kerr metric considering only linear terms in the
angular momentum and taking into account the weak field approximation regime. The
function φ(r) = −M/r is the post-Newtonian parameter and a = J/M is the angular
4
momentum per mass parameter. We will work with the plates positioned on the equatorial
region of the rotating sphere, and thus θ = π/2, exactly where the searched effects due to
rotation are more pronounced.
The isotropic coordinates are introduced in order to consider the geometry of the cavity,
enabling the transformation in spatial line element dr2+r2dθ2+r2 sin2 θdϕ2 → dx2+dy2+dz2,
and such that the distance between the plates is parallel to the x axis.
The unities in which ~ = c = G = 1 will be used here.
A. First order correction to the Casimir energy
Let us consider that the post-Newtonian parameter due to the massive sphere in the
region between the plates can be expanded as
φ(r) = − M
R + x
≃ Φ0(R) + γx, (2)
where Φ0(R) = −M/R, γ = M/R2 and x is the coordinate of a point inside the cavity if
the origin of the reference frame is on one of the plates. In this section, we consider γ = 0.
Thus, the metric (1), turns into
ds2 ≃ (1 + 2Φ0)dt2 − (1− 2Φ0)(dx2 + dy2 + dz2) + 4aΦ0dtdϕ, (3)
Now, let us introduce a rotating reference frame with respect to which the plates stay at rest.
This new Cartesian reference frame, whose z′ axis coincides with the rotation axis of the
source, z, is related to that introduced in Eq. (3), after one moving its origin to the center
of the sphere, in such manner that (x′, y′, z′) = (x cosΩt + y sinΩt,−x sinΩt + y cosΩt, z),
following [25]. This turns the spatial line element of Eq. (3) invariant with respect to the
rotation. The azimuthal angle must vary, therefore, as ϕ = −Ωt, where Ω is the angular
velocity of the reference frame, which is assumed to be the same one of the gravitational
source, at least on the equator line. Of course, the angular velocity Ω is related to the
parameter a, that depends on the angular momentum of the source. Note that also there
is a natural limitation on the radial distances in this case, which is given by the condition
r < c/Ω [39]. For the Earth, with R ≃ 6 × 106 m, c/Ω ∼ 1011 m and, therefore, we have
no trouble with the rotating reference frame at its surface. It is important mentioning the
works by Letaw and Pfautsch [40]-[42], in which is shown that the rotating coordinate system
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defined on the whole spacetime is not necessarily stationary. We consider that, due to the
present study to be limited to a very small region of spacetime, the introduction of such
rotating referential frame is permitted. Unruh-like back reaction effects on the plates also
will be neglected [43], due to low rotation of the system.
Thus, the metric (3) can be written in the diagonal form as
ds2 ≃ (1 + 2bΦ0)dt2 − (1− 2Φ0)(dx2 + dy2 + dz2), (4)
where b = 1−2aΩ. Now, let us solve the Klein-Gordon equation for the massless scalar field
in vacuum, in the spacetime given by Eq. (4), which is given by
1√−g∂µ(
√−ggµν∂ν)Ψ = [1− 2(b+ 1)Φ0]∂2tΨ−∇2Ψ = 0. (5)
Let us assume that the solution of Eq. (5) can be written as
Ψn,1(x, y, z, t) = Nn,1 exp [i(kyy + kzz − ωn,1t)] sin (nπx/L) (6)
such that the Dirichlet boundary conditions are satisfied on the plates. Thus, doing the
substitution of Eq. (6) into Eq. (5), we find the eigenfrequencies ωn,1. Taking into account
the approximation up to (M/R) order we get
ωn,1 = [1 + Φ0(b+ 1)]
(
k2y + k
2
z +
n2π2
L2
)1/2
. (7)
In order to set the vacuum expectation value of temporal component of the energy-
momentum density tensor, we need to perform the calculation of the normalization constant
Nn, from the norm of the scalar functions Ψn (which obey the usual orthonormality condi-
tions) defined on the spacelike Σ Cauchy hypersurface as [44],
‖Ψn‖ = i
∫
Σ
√−gΣ[∂t(Ψn)Ψ∗n − ∂t(Ψ∗n)Ψn]ntdΣ, (8)
where gΣ is the determinant of the induced metric on the hypersurface gik, i, k = 1, 2, 3 and
dΣ = dxdydz. In Eq. (8), we have defined a timelike future-directed unitary quadrivector
nt as
nt ≡ (nt, 0, 0, 0) = (1− bΦ0, 0, 0, 0), (9)
and, thus, we find that the square of the normalization constant is
N2n,1 =
1
(2π)2[1− (b+ 3)Φ0]Lωn,1 . (10)
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The local vacuum expectation value of the scalar field energy density Ttt(Ψn) is given by
ǫvac,1 =< 0|ntntTtt(Ψn)|0 >=
∫
d2k||
∑
n
ntntTtt(Ψn), (11)
where d2k|| = dkydkz and
Ttt(Ψn) =
1
2
(
∂tΨn∂tΨ
∗
n − gttgik∂iΨn∂kΨ∗n
)
. (12)
The vacuum energy density ǫvac is obtained by averaging ǫvac in the spatial region (cavity)
of the Casimir aparatus, whose expression is
ǫvac =
1
Vp
∫
Σ
√−gΣǫvacdΣ (13)
where Vp =
∫
Σ
√−gΣdΣ is the proper volume of the cavity. Putting (12) into (11) and this
into (13), after solving the spatial integrals we find
ǫvac = (1 + 4Φ0)
∫
d2k||
2(2π)2L
∑
n
[
k2|| +
(nπ
L
)2]
.
(14)
The integral in the rhs of Eq. (14) is just the vacuum energy density of the massless scalar
field in Minkowski space, which diverges. The Casimir energy density ǫrenvac is found by
using an adequate renormalization procedure, as the Abel-Plana subtraction formula [26],
for example. Applying this renormalization process in Eq.(14), we get
ǫrenvac = −(1 + 4Φ0)
π2
1440L4
. (15)
Taking into account the proper length Lp =
√
gxxL ≃ (1 − Φ0)L, the Casimir energy
given by Eq. (15), in terms of this length Lp, becomes
ǫrenvac = −
π2
1440L4p
. (16)
This means that no gravitational or rotational effects on Minkowsky Casimir energy appear
in M/R order of approximation.
B. Second order correction to the Casimir energy
In what follows, we will consider second order corrections, in terms of (M/R), to the
Casimir energy and in low-rotation Kerr spacetime. As the Casimir effect is not affected in
7
first order approximation of M/R, we will take Φ0 = 0. The metric to be used here is
ds2 ≃ (1 + 2γx)dt2 − (1− 2γx)(dx2 + dy2 + dz2) + 4γxadϕdt, (17)
where the origin of the system of axis is now on one of the plates. Passing to the rotating
reference frame, moving with angular velocity Ω around z axis, we have
ds2 ≃ (1 + 2bγx)dt2 − (1− 2γx)(dx2 + dy2 + dz2), (18)
where b = 1− 2aΩ, as in the previous subsection and γx is of O(M/R)2.
The Klein-Gordon equation in the spacetime with the metric given by (18) is
[1− 2(b+ 1)γx]∂2tΨ−∇2Ψ = 0. (19)
Let us seek for solutions of the equation (19) of the form
Ψn,2(x, y, z, t) = Nn exp [i(kyy + kzz − ωt)]χ(x), (20)
where χ(x) is a function to be determined. Substituting Eq. (20) into Eq. (19), we get the
following equation for χ(x)
d2χ
dx2
− 4γ˜ω2(b+ 1)xχ + (ω2 − k2||)χ = 0 (21)
where
γ˜ =
γ(b+ 1)
2
(22)
The solution χ(x) is given in terms of the Airy function Ai(z(x )) in form
χ(x) ∝ Ai
[
k2|| − ω2 + 4γ˜ω2x
2 21/3 (γ˜ω2)2/3
]
. (23)
Using the asymptotic expansion for large arguments of Airy function [45]
Ai(−z) ∼ sin (
2
3
z3/2 + pi
4
)√
πz1/4
, (24)
and considering the Dirichlet boundary conditions, we find the following eigenfrequencies
ω2n,2 = (1 + 2γ˜L)
(
k2|| +
n2π2
L2
)
= [1 + γ(b+ 1)L]
(
k2|| +
n2π2
L2
)
, (25)
where, in second equality, we have used equation (22).
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In order to calculate the quantum vacuum energy for this new order of approximation,
let us assume that the solution of equation (19) can also be written as a correction of the
harmonic modes obtained in the case when the post-Newtonian parameter is expanded up
to O(M/R), presented in the previous subsection. Let us represent the solution for that
order as Ψn,2. Thus, we can write
Ψn,2 = Ψn,1 + δΨn,1, (26)
where Ψn,1 is given by equation (6). Therefore, the expression for the quantum vacuum
energy can be separated as
ǫvac,2 = ǫvac + δǫvac (27)
where
ǫvac =
1
Vp
∫
d2k||
∑
n
∫
Σ
√−gΣntntTtt(Ψ1,n)dΣ. (28)
Employing the same procedure used in previous subsection to calculate the quantum vacuum
energy and taking into account that, in present situation, nt ≃ 1− bγx, we get
ǫvac = [1 + (b− 1)γL]
∫
1
2(2π)2L
d2k||
∑
n
ω0,n, (29)
where ω0,n =
(
k2|| +
n2pi2
L2
)
. The renormalization of the integral which appears in Eq. (29)
results in the flat Casimir energy density, and then
ǫrenvac = − [1 + (b− 1)γL]
π2
1440L4
. (30)
Now, our task is to calculate δǫvac, according to [24]
δǫvac =
1
2(2π)2L
∫
d2k||
∑
n
(ω2,n − ω0,n) = (b+ 1)γL
2
1
2(2π)2L
∫
d2k||
∑
n
ωn,0. (31)
Finally, the second order correction to the renormalized Casimir energy, taking into account
the proper length, given by L ≃ [1 + (1/2)γLp]Lp, is
ǫrenvac,2 = ǫ
ren
vac + δǫ
ren
vac = − [1− γLp(1 + 3aΩ)]
π2
1440L4p
. (32)
This result can be understood as the Casimir energy density for the flat spacetime with
a correction term that depends on the surface gravity, rotation of the spacetime and non-
inertial effects due to the rotating reference frame, codified in γ, a and Ω, respectively. It is
worth noting that when b = 1 (a,Ω = 0), we get the same result obtained by Sorge [24].
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III. THERMAL CORRECTIONS
Let us investigate now what is the role of the temperature on the Casimir energy. We
aim to calculate corrections to the latter due to a thermal bath at absolute temperature T .
To do this, we need to find the renormalized Helmholtz free energy ∆TF ren0 , which is given
by [26, 46]
∆TF ren0 = 2AkBT
∞∑
n=0
∫ ∫
d2k||
(2π)3
log
[
1− e−β˜
(
n2pi2
L2
+k2
||
)1/2]
− Vpfbb(T ), (33)
where A is the area of the plates, kB is the Boltzmann constant, Vp is the proper volume
and β˜ = F/kBT . This factor F will be given by F
(1) = [1 +Φ0(b+ 1)], if we are performing
calculations in M/R order of approximation, or F (2) = [1 + γ(b + 1)L], if terms (M/R)∈
are taken into account. The second term in the rhs of Eq. (33) is the free energy density of
black-body radiation, expressed by
fbb(T ) = kBT
∫ ∫ ∫
d3k
(2π)3
log
[
1− e−β˜(k2x+k2||)
1/2
]
, (34)
which is the non-confined part of the free energy density.
A. First order correction to the Casimir energy
The black-body free energy density (34) can be easily found, in the approximation used
here, as being given by
f
(1)
bb (T ) = −
(
1 +
6M
R
− 6MaΩ
R
)
π2(kBT )
4
90
. (35)
We remark that, in the absence of gravity, Eq. (35) is the flat black-body free energy density.
Expanding the logarithm in Eq. (33), we get
∆
(1)
T F ren0 =
AkBT
π
∞∑
n,m=1
1
m
∫ ∞
0
dk||k||e
−β˜m
(
n2pi2
L2
+k2
||
)1/2
− Vpf (1)bb (T ), (36)
which, under an appropriate change of variables, can be written as
∆
(1)
T F ren0 = −
AkBTπ
L2
∞∑
n,m=1
n2
m
∫ ∞
1
dxxe−β˜mnx/L − Vpf (1)bb (T ). (37)
10
The integral can be written in terms of the modified Bessel’s function of second kind [45],
and we get
∆
(1)
T F ren0 = −
AkBT
L2
√
L
β˜
∞∑
n,m=1
( n
m
)3/2
K3/2
(
β˜mnπ
L
)
− Vpf (1)bb (T ). (38)
Thus, the total renormalized free energy is written as
F (1),ren0 = ALpǫrenvac +∆(1)T F ren0
= − Aπ
2
1440L3p
− C1A(kBT )3/2L−3/2p
∞∑
n,m=1
( n
m
)3/2
K3/2
(
β˜mnπ
L
)
+
+ C2
ALpπ
2(kBT )
4
90
,
(39)
where C1 =
(
1 + 5M
2R
− MaΩ
R
)
and C2 =
(
1− 6M
R
+ 6MaΩ
R
)
, are factors related with the grav-
itational field and the rotational parameters. Lp is the proper distance between the plates.
Now, let us calculate the renormalized internal energy in the low and high temperature
limits, which is given by
U ren,10 (T ) = −T 2
∂(F (1),ren0 /T )
∂T
. (40)
In order to obtain this quantity, we will take both low and high temperature limits of
the total free energy (39). For the first limit, we will consider the dominant term of the
asymptotic expansion of the modified Bessel’s function for large arguments [45], and thus
we get
U ren,10 (T ) ≈ −
Aπ2
1440L3p
+
A√
2
[
C3πL
−3/2
p (kBT ) + C4L
−5/2
p (kBT )
2
]
e−β˜pi/L − C2ALpπ
2(kBT )
4
30
,
(41)
where C3 =
(
1 + M
2R
)
and C4 =
(
1 + 7M
2R
− 2MaΩ
R
)
. Note that when T → 0, the renormalized
internal energy coincides with the Casimir one at T = 0.
The high temperature limit is obtained from the asymptotic expansion of the modified
Bessel’s function for small arguments [45]. Thus we have
U ren,10 (T ) ≈ −
Aπ2
1440L3p
− C5Aζ(3)(kBT )
3
π
− C2ALpπ
2(kBT )
4
30
, (42)
where C5 =
(
1 + M
R
+ 2MaΩ
R
)
. It is interesting to note that the second term in equation (42)
does not contribute to the thermal Casimir force −∂Uren0
∂Lp
. The dominant term comes from
the black-body radiation.
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B. Second order correction to the Casimir energy
In the subsequent approximation, the black-body free energy density (34) can also be
readily obtained, and it is given by
f
(2)
bb (T ) = −
(
1 +
6LpM
R2
− 6MaΩLp
R2
)
π2(kBT )
4
90
. (43)
As in previous section, without gravity, Eq. (43) represents the flat black-body free energy
density. The total renormalized free energy is
F (2),ren0 = ALpǫrenvac,2 +∆(2)T F ren0
= − Aπ
2
1440L3p
− C6A(kBT )3/2L−3/2p
∞∑
n,m=1
( n
m
)3/2
K3/2
(
β˜mnπ
L
)
+
+ C7
ALpπ
2(kBT )
4
90
,
(44)
where C6 =
(
1− 7MLp
4R2
+ MLpaΩ
R2
)
, C7 =
(
1 + 6LpM
R2
− 6MaΩLp
R2
)
and Lp is the proper distance
between the plates.
For this order of correction, let us calculate the renormalized internal energy in low and
high temperature limits, following the procedures adopted in the previous section, which is
written as
U ren,20 (T ) = −T 2
∂(F (2),ren0 /T )
∂T
. (45)
In the low temperature limit, the renormalized internal energy is
U ren,20 (T ) ≈ −
Aπ2
1440L3p
+
A√
2
[
C8πL
−3/2
p (kBT ) + C9L
−5/2
p (kBT )
2
]
e−β˜pi/L − C7ALpπ
2(kBT )
4
30
,
(46)
where C8 =
(
1− 3MLp
2R2
)
and C9 =
(
1− 5MLp
2R2
+ 2MLpaΩ
R2
)
.
In the high temperature limit, we have
U ren,20 (T ) ≈ −
Aπ2
1440L3p
− C10Aζ(3)(kBT )
3
π
− C7ALpπ
2(kBT )
4
30
, (47)
where C10 =
(
1 + MLp
2R2
− 2MaΩLp
R2
)
. We point out that the second term in equation (47) does
not also contribute to the thermal Casimir force −∂Uren,20
∂Lp
, and the dominant term is that of
the black-body radiation.
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IV. FINAL REMARKS
We have calculated the Casimir energy for a massless scalar field in a region limited by
two parallel uncharged conductor plates, in the presence of a slowly rotating spherical source
(a2 ≃ 0), in the weak field approximation regime. The plates are located tangentially to the
surface, at the equatorial plane.
Initially, we considered the approximation in first order in terms of M/R and introduced
a non-inertial reference frame which has the same angular velocity of the sphere, in order
to do the calculations. We showed that, like the static case analysed in [24], in which the
Minkowski Casimir energy counterpart is not affected by the gravitational field in this order
of approximation, when we consider that the source has angular momentum, we also do not
get correction terms to the Casimir energy in flat Minkowski spacetime.
We also calculated the Casimir energy in the second order of approximation with respect
to the expansion of the post-Newtonian parameter, which means that we considered the
expansion up to (M/R)2. It is worth noticing that in this case, there is an attenuation of
the interaction between the plates that depend now on the parameters into play, including
the surface gravity, spacetime rotation and non-inertial effects. The result found in [24] is
reobtained when the rotation is turned off.
Finally, we have examined the role played by the temperature in the Casimir effect,
calculating the renormalized Helmholtz free energy and the internal energy of the system,
in the low and high temperature limits, for both orders of approximation studied. We point
out that the results obtained include naturally the thermal extension of the paper [24],
when the rotation of the source is not considered. It is interesting to note that, despite the
gravitational field does not manifest itself in the Casimir effect when we consider only terms
O(M/R) at T = 0, it shows up in the thermal corrections.
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